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An example is constructed of a connected locally connected (n - I)-dimensional subgroup X 
of W” with the property that for every homeomorphism g in H(X) there is an h E X such that 
g(x) = x+ h or g(x) = -x + h. The dimension of the space of homeomorphisms H(X) will also 
be n - 1. A new proof of a theorem of Barit and Renaud is also given. In particular, let X be a 
separable metric space which is either compact or locally compact and locally connected. If X 
is uniquely homogeneous, then X is trivial or the group of order two. 
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1. Introduction 
In [12] Van Mill demonstrated the existence of a remarkable topological group 
G whose only homeomorphisms are translations. It is easy to show that any such 
example G must satisfy the following three properties: 
(1) G must be uniquely homogeneous. 
(2) The group of automorphisms Aut(G) must be trivial. 
(3) The group G must be Boolean (i.e., every element has order two). Recall that 
the Van Mill example lives in Hilbert Space Z2, where 1, is endowed with a nonstan- 
dard group structure. The purpose of this paper is to find a topological subgroup 
of [w” which is as close to being uniquely homogeneous as possible. If H is a 
subgroup of Iw”, then note that H must always have autohomeomorphisms of the 
form g(x) = -x + h, where h E H. Thus, H cannot be uniquely homogeneous. The 
main theorem of the paper will assert the existence of subgroups of [w” whose only 
homeomorphisms are either translations or of the form g(x) = -x + h. If X,, denotes 
such a subgroup of Iw”, then an immediate consequence of the main theorem is that 
the group of homeomorphisms of X,, has dimension n - 1. The fact that the space 
X,, contains three points x, y, z such that X,, -{x, y, z} is rigid is contained in 
Corollary 3.3. 
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As far as the authors know this is the first example of a topological space where 
the dimension of the space of homeomorphisms is a specified integer greater than 
one. Since the space X,, is not even locally compact much less compact, it would 
be interesting to know if there are compact examples where the dimension of the 
space of homeomorphisms is an integer greater than one. Brechner [4] has shown 
the existence of n-dimensional continua Y,, such that 1 s dim H( Y,,) s n. Let ,_& 
denote the k-dimensional Menger curve. Brechner showed that dim H(pi) 2 1. 
Keesling [7] has shown that if H(x) contains an arc, then dim H(X) = ~0, and if 
X admits a nontrivial flow, then H(X) = H(X) x 12. Keesling has also shown [8] 
that if H(X) is locally compact, then dim H(X) = 0. Thus, under fairly weak 
hypotheses the dimension of the space of homeomorphisms will not be a positive 
integer. 
A number of related results are collected together in the last section of the paper. 
First, a new proof of the Barit Renaud result is given in Theorem 4.1. Theorem 4.2 
states that the space of homeomorphisms H(,_&k) has dimension at least one. This 
result is an immediate consequence of the work of Bestvina [3] and Brechner [4]. 
The last result of the paper is Theorem 4.3: If K is a Peano continuum in R” 
containing the origin and G is the subgroup generated by K, then G is a subspace 
of Iw”. 
2. Preliminaries 
For the purposes of this paper the integers will be denoted by Z, the rationals by 
CD, the real numbers by R, and Euclidean n-dimensional space by R”. The unit 
sphere in [w”+’ will be denoted by S”. If X is a subset of an Abelian group G, then 
the subgroup generated by X will be denoted by (X). If X and Y are subsets of 
G, then X+Y={x+y: XEX and ye Y}. If XER”, then Zx={kx: kEZ} and 
Rx = {TX: r E R}. If Y is any subset of LIZ”, then define Span,( Y) = { ‘~,y, +. . . + akyk: 
cq~Q and yip Y}. 
Since the spaces in this paper will all be separable metric, the notion of dimension 
employed here will be the usual one described in the classic text by Hurewicz and 
Wallman [6]. The space of homeomorphisms of a space X will be denoted by 
H(X). While the usual topology placed on H(X) is the compact-open topology, 
the examples described in this paper have so few homeomorphisms that the compact- 
open topology is equivalent to the topology of pointwise convergence. In fact, since 
the example X constructed in Section 3 is a subset of [w” and has the property that 
each homeomorphism in H(X) can be extended uniquely to a homeomorphism in 
H(lR”), the space H(X) can also be thought of as a subspace of H(R”). The relative 
topology that H(X) inherits from H(R”) will be equivalent to the other two. A 
compact connected Hausdorff space will be called a continuum. 
The following propositions will be useful in the construction described in Section 
3. 
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2.1. Proposition. If H, and Hz are subgroups of an Abelian group G, then H, + Hz = 
(H, u H,). If H, n Hz = {0}, then each element h in H, + H2 can be written uniquely 
ash=h,+h,, wherehiEHifori=1,2. 
Proof. The proof of this proposition is elementary. q 
2.2. Proposition. If {Ak: k E m} is a collection ofpairwise disjoint closed subsetsjilling 
an arcwise connected space Y, then there is exactly one integer p such that Y = A, 
Proof. This result was first proved for continua by Sierpinski [lo]. It is stated 
explicitly as Theorem 2.2 in Gleason and Palais [5]. 0 
2.3. Proposition. Let n > 1. Zf X is a subset of R” with the property that X and its 
complement both meet every Cantor set, then X is an (n - I)-dimensional, connected, 
locally connected, and dense subset of R”. Zf g : X + X is any homeomorphism, then g 
has a unique extension f: D, + D2, where D, = R” - { zl} for i = 1,2. 7’he extension f 
will also be a homeomorphism. 
Proof. The fact that X is connected and locally connected is a restatement of 
Corollary 3.3 in Van Mill [ 141. The fact that X is an (n - I)-dimensional space 
follows immediately from Lemma 1 of Keesling [9]. Let S” = R” u {co} denote the 
one point compactification of R”. Note that X and its complement also have the 
property that they meet every Cantor set in S”. Let g : X + X be any homeomorphism. 
Since S” is compact, the proof of Lemma 4.1 [14] shows that there is an extension 
h:S”+S” which is also a homeomorphism. If D1 =lR” -{h-‘(m)} and Dz= 
R” -{h(ar)}, then let f = h restricted to D,. 0 
2.4. Definition. If D and H are subsets of R”, then a map f: D + R” will be called 
admissible with respect to H if f(0) E H and there is an integer k such that 
f(x)=kx+f(O) for all XE D. 
We will find the following notations useful in Lemmas 2.5 and 2.6. Let f: D + R” 
be a map where D = R” or D = R” -{z}. If Y is a subset of R”, where 1 YI < Kocv < c, 
then let G = Span, ( Y) or G = Spanp ( Y u {z}). Let CG = {x E 08”: Rx n G = (0)). 
Let the ray be defined by r(x) = {y E R”: y = rx, where r 1 O}. 
2.5. Lemma. Let n > 1. If H is a subgroup of R”, Y is a subset of H, and f: D + 03” 
is a map with the property that f(0) E H and f(x) E f(0) +Zx for all x E C, then f is 
admissible with respect to H. 
Proof. If y denotes a nonzero member of C, then define A,(y) =Ak = 
{x E r(y) :f(x) = f(0) + kx}. Note that if k + m, then Ak n A,,, = {O}. Note further that 
Ak is a closed subset of r(y). Thus, by Proposition 2.2 there is exactly one integer 
k such that r(y) is a subset of Ak. Therefore, there is exactly one integer k such 
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that f(x) =f(O) + kx for all x E r(y). Since n > 1, the set C, is dense in R”. Thus, 
by the continuity of J; the restriction of f to the ray r(y) will have the form 
f(x) =f(O) + kx whenever y & r(z). Since R” - r(z) is arcwise connected, we can 
apply Proposition 2.2 a second time to show that the integer k will be the same for 
each ray. Thus, f(x) =f(O) + kx for all x E D and f is admissible. Cl 
If x E R”, then let 7r : R” + ([WX)~ denote the projection onto the orthogonal comple- 
ment of Rx. Recall that r is linear. 
2.6. Lemma. Let n > 1. If H is a subgroup of R”, H is a subset of G, 1 GI < c, f(0) E H, 
and f: D + R” has the property that f (y) &f (0) + Zy for some y E Co, then there is a 
point WE C, such thatf(w)& H+Zw. 
Proof. Suppose there is an element ZI in Ry such that f (v) is not in f (0) + Ry. Since 
]G] < c and Irr(f(Ry))l = c, there is a point w in Ry such that r(f( w)) is not in 
7r( G). Since w E Ry and Ry is a subset of C, w +Z G. Since Rw = Ry, Rw n H = (0). 
We claim that f(w)E H+Zw. For iff(w)E H+Zw, then f(w)= h+kw, where k is 
an integer and h is an element of H. Thus, r( f (w)) = r( h + kw) = r(h) + z-( kw) = 
r(h) E T(G), which contradicts the choice of w. Therefore, f(w) & H + Z w. 
Suppose f(y) E f(0) + Ry for all y E C,. Let w be any nonzero element in C, with 
the property that f(w)&f(O)+Zw. We claim that f(w)eZH+Zw. For if f(w)E 
H+Zw,thenf(w)=h+uforsomeh~Handu~Zw.Byhypothesisf(w)=f(O)+u,, 
where f(0) E H and ur E R w. Since Rw n H = {0}, we know by the uniqueness stated 
in Proposition 2.1 that h = f(0) and u = u,. Thus, f(w) = f(O)+ kw for some integer 
k, which contradicts our assumption that f(w) & f(0) + Zw. Therefore, f(w) @ 
H+Zw. 0 
3. The Examples 
The next result is the main result of the paper. While the setting is R” rather than 
l2 as in Van Mill’s Theorem 3.1 [12], the idea of the proof in both theorems is to 
construct a subgroup H with the property that if f is not admissible, then there is 
a point x in H such that f(x) is not in H. 
3.1. Theorem. For each integer n 2 2 there is a connected, locally connected topological 
group H in R” with the property that dim H = n - 1. In addition, for each homeomorph- 
ismg:HjHthereisanhEHsuchthatg(x)=x+horg(x)=-x+hforallxEH. 
Proof. Let F, denote the collection of all mappings f :iR” + R”. Let F2 denote the 
collection of all mappings f: D+ IF”, where D=R” -{z}, z#O, and f cannot be 
extended to [w”. Since the cardinality of F = F, v F2 is c, we can enumerate its 
members by {fO : a 2 c, (Y even}. Enumerate all the Cantor sets in R” by {K, : a < c, 
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LY odd}. By transfinite induction we will construct a subgroup H, in IR” and a subset 
V, of R” such that the following properties hold for each cy < c. 
(1) For each (Y, IH,lsK, CY, IV,JSK,CX, and Han V,=O. 
(2) If /3 <(Y, then HP E Ha and V, E V,. 
(3) There is a point &E H, such that whenever k is an integer and Ik( 2 2, then 
(llk)h,E V,. 
(4) If (Y is odd, then H, n K, # 0 and V, n K, # 0. 
(5) If (Y is even and fa is not admissible with respect to H” = U{H,: p <a}, 
then there is a point x E H, such that fa (x) E V,. 
Note that the point ho of Property 3 can be identified in the very first step in the 
induction. Since it is evident that Property 3 will continue to hold at each successive 
inductive step, we will assume that the point h, exists for each cy. 
Suppose we have completed the induction for all p <(Y, where (Y < c. For con- 
venienceset H”=U{H,:p<n}and Vm=IJ{Vo:p<a}. 
We first consider the case when a is odd. Since 1 HaI < c, 1 V,l < c, and IKeI = c, we 
can choose a point k, E K, such that k, is not in Span, (H” u VW). Let H, = 
H” +Zk,. If H, n V” # 0, then there is an h E H,, v E V”, and integer m such that 
h + mk, = v. Thus, k, = (v - h)/m E Spano( H” u Vm). This contradiction implies 
that H, n V” = 0. Choose y, E K, -Ha and define V, = V” u {ya}. If V, n H, f 0, 
then since V* n H, = 0, y, E H,. This contradiction implies that V, n Ha = 0. 
We now consider the case when (Y is even. If fn is the member of F associated 
with Q and jn : R” + R”, then let G, = Span& H” u V*). If f_ : ID, +lR”, where D, = 
R” -{z,}, then let G, = Span&H” u V” u {z~}) and C, = (x E R”: Rx n G, = (0)). 
Case 1. If f*(O)& H”, then set H, = H” and V, = V” u {f,(O)}. Note that H, n 
v, =0. 
Case 2. Suppose fa(0) E H” and there is an element x0 E C, such that f-(x0) E 
fa(0)+ZxO. By Lemma 2.6 there is an element x, E C, such that f(x,) is not in 
Ha +Zx,. Now set Ha = Ho +Zx, and V, = V” u {f(x,)}. We must now check that 
H, n V, = 0. Suppose H, n V, # 0. Since j(x,) is not in H, by construction and 
H” n V” is empty by induction, we know there are points u E V”, h E H”, and 
integer k such that v = h + kx,. Thus, x, = (v - h)/ k E G,, which contradicts the 
choice of x,. Therefore, Ha n V, =0 and we have completed Case 2. 
Case 3. Supposef,(O) E H” andf,(x) off +Zx for all points x E C,. By Lemma 
2.5 fa is admissible with respect to He. Thus, fO(x) =fa(0)+kr for all XE D. By 
our understanding at the beginning of the proof D = R” so that fa(x) =f_(O) + kx 
for all x E R”. Set H, = H” and V, = V”. By induction we know that Ha n If, = 0. 
Thus, iffn is not admissible, then Case 1 or Case 2 must hold. In both cases there 
is a point x E Ha such that ye(x) E. V,. Hence, Property 5 in the induction can be 
satisfied. The construction is now complete. 
Define H = U{ H, : a < c} and V = U{ V,: LY < c}. Note that H n V = 0. By Proposi- 
tion 2.3 H is an (n - 1) -dimensional connected and locally connected subgroup of 
R”. If g : H + H is any homeomorphism, then by Proposition 2.3 g can be extended 
to a homeomorphism f: D + R”, where D = R” or D = R” -{z}. Since 0 E H, 0 E D 
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which implies that z f 0. Thus, the map f appears in the collection F. Since each 
member of F is included in the list, f=fa for some even cardinal (Y. If f is not 
admissible, then by Property 5 in the inductionf( H) n V # 0. Since g =f] H, g(H) n 
V # 0. Since H n V = 0, we have a contradiction to the assumption that g(H) = H. 
Hence, the map f must be admissible with respect to H. Therefore, there is an 
integer k such that f( x) = kx +f(O) for all x E R”. We claim that k = f 1. For suppose 
]k( > 1. An easy computation shows thatf’(x) = (x -f(O))/k. In particular,_/-‘(O) = 
-f(O)/k. Thus, if f(O)/k& H, then f’(O) rZ H so that g-‘(O) E H. This situation 
contradicts the assumption that g is a homeomorphism g : H -+ H. Thus f(O)/ k E H 
and the map g, : H + H defined by gi(x) = x/k is a homeomorphism. However, if 
jkl> 1, then by Property 3 there is an element &E H such that h,/ kg H. Thus 
g,(h,) = h,/ kg H and g,(H) is not a subset of H, which contradicts the fact that 
g,(H) = H. Thus, 13 k 2 -1. If k = 0, then g is a constant map. Therefore, g(x) = 
x+h or g(x)=-x+h. 0 
,3.2. Corollary. For each integer n > 1 the space R” contains a connected, locally 
connected (n - 1)-dimensional topological subgroup X with the property that 
dim H(X) = n - 1. 
Proof. Let X denote the example constructed in Theorem 3.1. Let g: X+ X be a 
homeomorphism. Call g positive if g(x) = x + g(0) and negative if g(x) = -x + g(0). 
Note that a sequence {g,} of homeomorphisms in H(X) will converge pointwise 
to a positive homeomorphism g E H(X) if and only if the maps g, are eventually 
positive and g,,,(O) + g(0). Thus, if H(X) is given either the topology of pointwise 
convergence, the compact-open topology, of the relative topology, then the positive 
homeomorphisms will be open in H(X). A similar statement holds for the negative 
homeomorphisms. The map T: H(X) + X defined by T(g) = g(0) defines a homeo- 
morphism when restricted to either the positive or negative homeomorphisms. Thus, 
H(X) is the union of two disjoint closed (n-1)-dimensional subsets and is thus 
(n - 1) -dimensional. 0 
Let X,, denote the example constructed in Theorem 3.1. The next corollary is 
analogous to Theorem 6.1 in Van Mill [12]. A space X is called rigid if H(X) 
contains only the identity. 
3.3. Corollary. If n > 1, then there are three points x, y, and z in X,, such that 
Y, = X,, - {x, y, z} is rigid. 
Proof. Let x, y, and z be any three non-zero members of X,, such that the pair- 
wise distances between the points are distinct. Let Y,, = X, -{x, y, z}. If g : Y, + 
Y, is a homeomorphism, then by Proposition 2.3 g can be extended to a homeo- 
morphism f: D + R”, where D = R” - {w}. Since 0 E Y,,, f = fa for some even cardinal 
cr. By the construction either f(X,,) # X,, or f is admissible. Since g( Y,,) = Y,,, 
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f(X,) = X,,. Thus, there is an element h E X,, such that f(t) = t + h or f(t) = -t + h. 
Since f( Y,) = Y, and f(X,,) = X,,, f({x, y, z}) = {x, y, z}. Since f is an isometry, we 
know by the choice of x, y, and z that f(x) =x, f(y) =y, and f(z) = z. Thus, if 
f(t) = t + h, then clearly f( t) = t for all t. If f( t) = - t + h, then h = 2x = 2y = 22. Since 
h is constant and x and y are distinct, we have a contradiction. Thus, f(t) = t for 
all t in [w” and Y, is rigid. 0 
Note that if Y, = X,, -{x, y} for any two points x and y in X,,, then Y,, will not 
be rigid. 
4. Other related results 
In this section we will give a new proof of the theorem of Barit and Renaud [l]. 
Note that their theorem is slightly more general than the one presented here. 
4.1. Theorem. Let X be a compact or locally compact locally connected separable metric 
space. If X is uniquely homogeneous, then X is trivial or the group of order two. 
Proof. By Theorem 3.15 of Ungar [ll] the space of homeomorphisms H(X) is 
homeomorphic to X. In particular, H(X) is locally compact. Thus, by Theorem 3 
[8], dim X = dim H(X) = 0. Since X is a locally compact O-dimensional group, X 
is either discrete or locally a Cantor set. If X has more than two points, then in 
either case there will be a nontrivial homeomorphism which fixes the identity. Thus, 
X has no more than two elements. 0 
4.2. Theorem. If pk denotes the k-dimensional Menger curve, then dim H(pk) > 0. 
Proof. Since Bestvina has shown [3] that each pk is strongly locally homogeneous, 
the techniques of Brechner [4] immediately imply that dim H(pk) > 0. Cl 
4.3. Theorem. If H is a subgroup of R” generated by a Peano continuum containing 
the origin, then H is a subspace of R”. 
Proof. If H =(K) where K is a Peano continuum with OE K, then H is arcwise 
connected. Let G be the locally arcwise connected group associated with H and 
T: G + H the one-to-one continuous map relating G to H [5, Definition 3.31. By 
Theorem 3.2 of [5], G is also arcwise connected. The dimension of the subcontinua 
of G must be bounded by n since T is one-to-one and H is a subset of Iw”. By 
Theorem 7.1 of [5] G must be locally compact. Since G is also locally connected 
and finite dimensional, it must be a Lie group. Since it is Abelian and torsion free, 
it in fact must be Rk for some k< n. But now it is routine to verify that T must be 
a topological group isomorphism from G = Rk onto H. Thus H is a subspace of 
Iw”. 0 
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A consequence of Theorem 4.3 is that there is no subgroup H of R” which is 
both generated by a Peano continuum and has the property that every homeomorph- 
ismg:H+Hisoftheformg(x)=x+horg(x)=-x+h. 
The authors feel that the following questions are of interest. 
4.4. Question. Given a positive integer n, is there a continuum X,, such that 
dimH(X,,)=n? 
If X, denotes the Stone-Tech compactification of the subgroup H constructed 
in Theorem 3.1, then it is clear that the autohomeomorphism groups of H and X,, 
are isomorphic. However, H(X,,) is discrete when given the compact-open topology. 
Thus, a different approach will be needed to answer Question 4.4. Of course, a 
metric example would be preferred. 
4.5. Question. What is the dimension of the space of homeomorphisms of pk? In 
particular, is dim H(pUk) 2 k? 
4.6. Question. If X is a continuum with the property that the space of homeomorph- 
isms H(X) contains a nondegenerate continuum, then is dim H(X) = oo? 
4.7. Question. If X is a nondegenerate subcontinuum of R” containing the origin, 
then is the subgroup generated by X a subspace of R”? 
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